BFV analysis of the $U_{EM}(1)$ gauged SU(3) WZW model and the
  Faddeev-Jackiw approach by Paschalis, J. E. & Porfyriadis, P. I.
ar
X
iv
:h
ep
-th
/9
60
31
96
v1
  3
0 
M
ar
 1
99
6
THES-TP 96/05
March 1996
BFV analysis of the UEM(1) gauged SU(3) WZW
model and the Faddeev-Jackiw approach 1
J.E.Paschalis and P.I.Porfyriadis 2
Department of Theoretical Physics, University of Thessaloniki,
GR 54006 , Thessaloniki , Greece
PASCHALIS@OLYMP.CCF.AUTH.GR
PORFYRIADIS@OLYMP.CCF.AUTH.GR
Abstract
The four dimensional SU(3) WZW model coupled to electromagnetism is treated
as a constrained system in the context of Batalin-Fradkin-Vilkovisky formalism. It is
shown that this treatment is equivalent to the Faddeev-Jackiw (FJ) approach. It is
also shown that the field redefinitions that transform the fields of the model into BRST
and σ closed are actually the Darboux’s transformations used in the FJ formalism.
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CT92-00026.
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1 Introduction
In [6] the SU(2) WZW model coupled to electromagnetism was treated as a constrained sys-
tem in the context of the Batalin-Fradkin-Vilkovisky (BFV) formalism [1]. Comparison was
made between this method and the Faddeev-Jackiw (FJ) approach to constrained systems.
Common features were emphasized. In this letter we extend this analysis in the SU(3) case.
In the FJ [2] approach we start with a Lagrangian density first order in time derivatives.
Then by using Darboux’s theorem and Euler-Lagrange equations we transform it into an
expression whose canonical one-form is diagonal and where the constraints occur in specific
terms linear in coordinate variables. Next we solve the constraint equations and after sub-
stituting the solutions into the expression for the Lagrangian density we repeat the whole
process again until we end up with an unconstrained Lagrangian density, with diagonal
canonical one form and whose phase space is reduced. On the contrary in the BFV formal-
ism the phase space of the theory is extended. This is done in two steps. First a canonical
momentum conjugate to every Lagrange multiplier is introduced (which has to vanish) so
increasing the number of constraints. Second a ghost field is introduced for every constraint
so extending the phase space of the theory. The gauge fixing is done by properly choosing
the gauge fermion.
2 The SU(3)WZWmodel coupled to electromagnetism
In [7] the SU(3) WZW model coupled to electromagnetism [4, 5] was treated as a constrained
system in the context of the FJ formalism. This model describes the low energy interactions
of the eight Goldstone bosons and photons including those related to the axial anomaly. The
effective action of the model up to second order in the pion fields θa , a = 1, ..., 8 is given
by
Leff =LEM + L(2)σ + L(2)WZW +O(θ3) , (1)
LEM =−1
4
FµνF
µν ,
L(2)σ =
1
2
(∂µθa)(∂
µθa) + eA
µ(θ2∂µθ1 − θ1∂µθ2 + θ5∂µθ4 − θ4∂µθ5)
+
e2
2
AµA
µ(θ21 + θ
2
2 + θ
2
4 + θ
2
5) ,
L(2)WZW =−
Nce
2
12π2fpi
ǫµναβAµ(∂νAα)(∂βθ3 +
1√
3
∂βθ8) .
and as an expression first order in time derivatives of the fields is written as follows
Leff =−pi · A˙+ pa θ˙a − H(2)0 − A0(ρ(2) −∇ · pi) + O(θ3) , (2)
H
(2)
0 =
1
2
[pi2 +B2 + (∇θa)2 + p2a ] +
e2
2
A2(θ21 + θ
2
2 + θ
2
4 + θ
2
5)
1
+ eA · (θ1∇θ2 − θ2∇θ1 + θ4∇θ5 − θ5∇θ4)− Nce
2
6π2fpi
(pi ·B)(θ3 + 1√
3
θ8) ,
ρ(2)= e(p2θ1 − p1θ2 + p5θ4 − p4θ5) .
See Appendix for notation.
The corresponding BFV action is given by
SBFV =
∫
d4x(−pi · A˙+ π0A˙0 + pa θ˙a + C˙P + ˙¯CP¯ − H(2)0 ) +
∫
dt[Ψ,Q]) (3)
The scalar potential has become a full dynamical variable and its conjugate momentum π0
has to vanish. We have also introduced the canonical pair (C,P) of a ghost field and its
conjugate mometum corresponding to the constraint G1 = ρ
(2)−∇·pi, and the canonical pair
(C¯, P¯) of an antighost field and its canonical momentum, corresponding to the constraint
G2 = π0. Ψ is the gauge fermion and Q is the BRST charge. The two constraints are first
class. The BRST charge is given by
Q =
∫
d3x[C(ρ(2) −∇ · pi) + iP¯π0] (4)
The canonical Hamiltonian
∫
d3xH
(2)
0 and SBFV are invariant under the BRST transforma-
tions
sA = −∇C , sC = 0 ,
sP = ∇ · pi − ρ(2) , spi = 0 ,
sA0 = iP¯ , sP¯ = 0 ,
sC¯ = −iπ0 , sπ0 = 0 , (5)
sθ1 = −eθ2C , sθ2 = eθ1C ,
sp1 = −ep2C , sp2 = ep1C ,
sθ4 = −eθ5C , sθ5 = eθ4C ,
sp4 = −ep5C , sp5 = ep4C ,
sθ3 = sθ6 = sθ7 = sθ8 = 0 ,
sp3 = sp6 = sp7 = sp8 = 0 .
We decompose A and pi into transverse (AT , piT) and longitudinal (AL , piL) compone-
nents
AT = A−∇AL′ , AL = ∇AL′ , AL′ = 1∇2 (∇ ·A) ,
pi
T = pi − ∇∇2π
L′ , piL =
∇
∇2π
L′ , πL
′
= ∇ · pi .
The following field redefinitions
p1 → p1 cosα + p2 sinα , θ1 → θ1 cosα + θ2 sinα ,
2
p2 → p2 cosα− p1 sinα , θ2 → θ2 cosα− θ1 sinα ,
p4 → p4 cosα + p5 sinα , θ4 → θ4 cosα + θ5 sinα , (6)
p5 → p5 cosα− p4 sinα , θ5 → θ5 cosα− θ4 sinα ,
where α = eAL
′
, transform θi and pi fields (i = 1, 2, 4, 5) into BRST and σ closed (physical).
So we have
sAL
′
= −C , sC = 0 ,
sP = πL′ − ρ(2) , sπL′ = 0 ,
sA0 = iP¯ , sP¯ = 0 ,
sC¯ = −iπ0 , sπ0 = 0 , (7)
sθa = 0 , spa = 0 , a = 1, 2, ..., 8
sAT = 0 , spiT = 0 ,
and
σ(−C) = AL′ , σAL′ = 0 ,
σπL
′
= P , σP = 0 ,
σ(iP¯) = A0 , σA0 = 0 ,
σ(−iπ0) = C¯ , σ(C¯) = 0 , (8)
σθa = 0 , σpa = 0 , a = 1, 2, ..., 8
σAT = 0 , σpiT = 0 ,
where σ is the contracting homotopy operator [3]. Note that there is no way that we can
transform the fields AL,A0,C, C¯,P, P¯ into BRST and σ closed.
Now we solve for C, P¯ , piL and π0 from (7)
C = −sAL′ , P¯ = −isA0 , piL = ∇∇2 (sP + ρ
(2)) , π0 = isC¯ , (9)
and after performing the transformations (6) in (3) we substitute C, P¯,piL, π0 from (9). We
end up with the following expression for SBFV
SBFV →
∫
d4x[−piT · A˙T + pa θ˙a − H(2)C + sF(2)] +
∫
dt[Ψ,Q] , (10)
H
(2)
C =
1
2
[(piT )2 +B2 − ρ(2) 1∇2ρ
(2) + (∇θa)2 + p2a ]
+ eAT · (θ1∇θ2 − θ2∇θ1 + θ4∇θ5 − θ5∇θ4) + e
2
2
(AT)2(θ21 + θ
2
2 + θ
2
4 + θ
2
5)
− Nce
2
6π2fpi
[piT +
∇
∇2ρ
(2)] ·B(θ3 + 1√
3
θ8) ,
F (2) = iC¯A˙0 + PA˙L′ + 1
2
(sP) 1∇2P + P
1
∇2ρ
(2) +
Nce
2
6π2fpi
(
∇
∇2P) ·B(θ3 +
1√
3
θ8) ,
3
where H
(2)
C is the Coulomb gauge Hamiltonian.
Finally we fix the gauge fermion as follows
Ψ = −
∫
d3xF (2)
and we get a Coulomb gauge expression for the effective action with the unphysical AL
cancelled out. In [7] in the context of the FJ formalism we solved the constraint ρ(2)−∇·pi = 0
for piL and we substituted back into the expression (2) for the effective Lagrangian density.
We came up with an uncanonical expression which was diagonalized by performing the
transformations (6). So it turns out that (6) are actually the Darboux’s transformations of
the FJ formalism needed for this case.
3 Keeping next order terms
The effective Lagrangian density up to third order in θa is given by
Leff = LEM + L(2)σ + L(2)WZW + L(3)WZW +O(θ4) , (11)
where L(2)σ and L(2)WZW are given in (1) and
L(3)WZW =−
Nce
3π2f 3pi
ǫµναβ(∂µAν)(θ1∂αθ2 − θ2∂αθ1 + θ4∂αθ5 − θ5∂αθ4)(∂βθ3 + 1√
3
∂βθ8)
− Nce√
3π2f 3pi
ǫµναβ(∂µAν)(θ7∂αθ6 − θ6∂αθ7)∂βθ8
+
Nce
2
18π2f 3pi
ǫµναβ(∂µAν)(∂αAβ){[4(θ21 + θ22) + 5(θ24 + θ25)]θ3
+
√
3[2(θ21 + θ
2
2) + θ
2
4 + θ
2
5]θ8 + 2[(θ1θ5 − θ2θ4)θ7 + (θ1θ4 + θ2θ5)θ6]}
− Nce
2
3π2f 3pi
ǫµναβAµ(∂νAα)(θ3 +
1√
3
θ8)∂β(θ
2
1 + θ
2
2 + θ
2
4 + θ
2
5) .
In the non-covariant notation, as an expression first order in time derivatives of the fields,
Leff is given by
Leff = −pi · A˙+ pa θ˙a − H(2)0 − H(3)0 −A0(ρ(2) + ρ(3) −∇ · pi) + O(θ4) , (12)
where H
(2)
0 and ρ
(2) are given in (2) and
H
(3)
0 =−
Nce
3π2f 3pi
[pi ×∇(θ3 + 1√
3
θ8)− (p3 + 1√
3
p8)B)] · (θ1∇θ2 − θ2∇θ1 + θ4∇θ5 − θ5∇θ4)
− Nce√
3π2f 3pi
(pi ×∇θ8 − p8B) · (θ7∇θ6 − θ6∇θ7)
4
+
Nce
2
9π2f 3pi
(pi ·B){[4(θ21 + θ22) + 5(θ24 + θ25)]θ3
+
√
3[2(θ21 + θ
2
2) + θ
2
4 + θ
2
5]θ8 + 2[(θ1θ5 − θ2θ4)θ7 + (θ1θ4 + θ2θ5)θ6]}
− Nce
2
3π2f 3pi
(pi ×A) · [∇(θ21 + θ22 + θ24 + θ25)](θ3 +
1√
3
θ8)
− 2Nce
2
3π2f 3pi
(A ·B)(p1θ1 + p2θ2 + p4θ4 + p5θ5)(θ3 + 1√
3
θ8)
− Nce
3π2f 3pi
[B · ∇(θ3 + 1√
3
θ8)](p2θ1 − p1θ2 + p5θ4 − p4θ5)
− Nce√
3π2f 3pi
(B · ∇θ8)(p6θ7 − p7θ6) ,
ρ(3)=− Nce
2
3π2f 3pi
∇ · [B(θ21 + θ22 + θ24 + θ25)(θ3 +
1√
3
θ8)] .
The BFV effective action is given by
SBFV =
∫
d4x(−pi · A˙+ π0A˙0 + pa θ˙a + C˙P + ˙¯CP¯ − H(2)0 − H(3)0 ) +
∫
dt[Ψ,Q] (13)
As in the previous case π0 is the canonical momentum conjugate to A0 and has to vanish
and we have also introduced the canonical pair (C,P) corresponding to the constraint G1 =
ρ(2) + ρ(3) −∇ · pi, and the canonical pair (C¯, P¯) corresponding to the constraint G2 = π0.
Also by Ψ and Q we denote the gauge fermion and the BRST charge respectively.
Q =
∫
d3x[C(ρ(2) + ρ(3) −∇ · pi) + iP¯π0] (14)
The canonical Hamiltonian
∫
d3x(H
(2)
0 +H
(3)
0 ) and SBFV are invariant under the following
BRST transformations
sA = −∇C , sC = 0 ,
sP = ∇ · pi − ρ(2) − ρ(3) , spi = Nce
2
3π2f 3pi
∇[(θ21 + θ22 + θ24 + θ25)(θ3 +
1√
3
θ8)]×∇C ,
sA0 = iP¯ , sP¯ = 0 ,
sC¯ = −iπ0 , sπ0 = 0 , (15)
sθ1 = −eθ2C , sp1 = −ep2C − 2Nce
2
3π2f 3pi
(B · ∇C)θ1(θ3 + 1√
3
θ8) ,
sθ2 = eθ1C , sp2 = ep1C − 2Nce
2
3π2f 3pi
(B · ∇C)θ2(θ3 + 1√
3
θ8) ,
sθ3 = 0 , sp3 = − Nce
2
3π2f 3pi
(B · ∇C)(θ21 + θ22 + θ24 + θ25) ,
5
sθ4 = −eθ5C , sp4 = −ep5C − 2Nce
2
3π2f 3pi
(B · ∇C)θ4(θ3 + 1√
3
θ8) ,
sθ5 = eθ4C , sp5 = ep4C − 2Nce
2
3π2f 3pi
(B · ∇C)θ5(θ3 + 1√
3
θ8) ,
sθ8 = 0 , sp8 = − Nce
2
3
√
3π2f 3pi
(B · ∇C)(θ21 + θ22 + θ24 + θ25) ,
sθ6 = sθ7 = sp6 = sp7 = 0 .
The following field redefinitions
θ1 → θ1 cosα + θ2 sinα ,
θ2 → θ2 cosα− θ1 sinα ,
θ4 → θ4 cosα + θ5 sinα ,
θ5 → θ5 cosα− θ4 sinα ,
pi
T → piT − Nce2
3pi2f3
pi
∇[(θ21 + θ22 + θ24 + θ25)(θ3 + 1√3θ8)]×AL ,
p1 → p1 cosα + p2 sinα + 2Nce23pi2f3
pi
(B ·AL)(θ1 cosα+ θ2 sinα)(θ3 + 1√3θ8) ,
p2 → p2 cosα− p1 sinα + 2Nce23pi2f3
pi
(B ·AL)(θ2 cosα− θ1 sinα)(θ3 + 1√3θ8) ,
p3 → p3 + Nce23pi2f3
pi
(B ·AL)(θ21 + θ22 + θ24 + θ25) ,
p4 → p4 cosα + p5 sinα + 2Nce23pi2f3
pi
(B ·AL)(θ4 cosα+ θ5 sinα)(θ3 + 1√3θ8) ,
p5 → p5 cosα− p4 sinα + 2Nce23pi2f3
pi
(B ·AL)(θ5 cosα− θ4 sinα)(θ3 + 1√3θ8) ,
p8 → p8 + Nce23√3pi2f3pi (B ·A
L)(θ21 + θ
2
2 + θ
2
4 + θ
2
5) .
(16)
transform the fields θi (i = 1, 2, 4, 5) , pi (i = 1, 2, 3, 4, 5, 8) and pi
T into BRST and σ closed.
( The same notation as in the previous case is kept ).
sAL
′
= −C , sC = 0 ,
sP = πL′ − ρ(2) − ρ(3) , sπL′ = 0 ,
sA0 = iP¯ , sP¯ = 0 ,
sC¯ = −iπ0 , sπ0 = 0 , (17)
sθa = 0 , spa = 0 , a = 1, 2, ..., 8
sAT = 0 , spiT = 0 ,
and
σ(−C) = AL′ , σAL′ = 0 ,
σπL
′
= P , σP = 0 ,
6
σ(iP¯) = A0 , σA0 = 0 ,
σ(−iπ0) = C¯ , σ(C¯) = 0 , (18)
σθa = 0 , σpa = 0 , a = 1, 2, ..., 8
σAT = 0 , σpiT = 0 .
Now we proceed as in the previous case and solve for C, P¯ , piL and π0 from (17)
C = −sAL′ , P¯ = −isA0 , piL = ∇∇2 (sP + ρ
(2) + ρ(3)) , π0 = isC¯ . (19)
After performing the transformations (16) in (13) and substituting the expression of C, P¯ ,
pi
L and π0 from (19) we obtain the following expression for SBFV
SBFV →
∫
d4x[−piT · A˙T + pa θ˙a − H(2)C − H(3)C + s(F(2) + F(3))] +
∫
dt[Ψ,Q] (20)
where H
(2)
C and F
(2) are given in (10),
H
(3)
C =−
Nce
3π2f 3pi
[piT ×∇(θ3 + 1√
3
θ8)− (p3 + 1√
3
p8)B)] · (θ1∇θ2 − θ2∇θ1 + θ4∇θ5 − θ5∇θ4)
− Nce√
3π2f 3pi
(piT ×∇θ8 − p8B) · (θ7∇θ6 − θ6∇θ7)
+
Nce
2
9π2f 3pi
(piT ·B){[4(θ21 + θ22) + 5(θ24 + θ25)]θ3
+
√
3[2(θ21 + θ
2
2) + θ
2
4 + θ
2
5]θ8 + 2[(θ1θ5 − θ2θ4)θ7 + (θ1θ4 + θ2θ5)θ6]}
− Nce
2
3π2f 3pi
(piT ×AT) · [∇(θ21 + θ22 + θ24 + θ25)](θ3 +
1√
3
θ8)
− 2Nce
2
3π2f 3pi
(AT ·B)(p1θ1 + p2θ2 + p4θ4 + p5θ5)(θ3 + 1√
3
θ8)
− Nce
3π2f 3pi
[B · ∇(θ3 + 1√
3
θ8)](p2θ1 − p1θ2 + p5θ4 − p4θ5)
− Nce√
3π2f 3pi
(B · ∇θ8)(p6θ7 − p7θ6) .
and
F (3)=P 1∇2ρ
(3) +
Nce
3π2f 3pi
[(
∇
∇2P)×∇(θ3 +
1√
3
θ8)] · (θ1∇θ2 − θ2∇θ1 + θ4∇θ5 − θ5∇θ4)
− Nce
2
9π2f 3pi
(
∇
∇2P) ·B{[4(θ
2
1 + θ
2
2) + 5(θ
2
4 + θ
2
5)]θ3
+
√
3[2(θ21 + θ
2
2) + θ
2
4 + θ
2
5]θ8 + 2[(θ1θ5 − θ2θ4)θ7 + (θ1θ4 + θ2θ5)θ6]}
+
Nce√
3π2f 3pi
[(
∇
∇2P)×∇θ8] · (θ7∇θ6 − θ6∇θ7)
+
Nce
2
3π2f 3pi
[(
∇
∇2P)×A
T] · [∇(θ21 + θ22 + θ24 + θ25)](θ3 +
1√
3
θ8) .
7
Finally by fixing the gauge fermion as follows
Ψ = −
∫
d3x(F (2) + F (3))
we end up with a Coulomb-gauge expression for the effective action. In [7] in the context of
the FJ formalism we solved the constraint ρ(2) + ρ(3) − ∇pi = 0 for piL and we substituted
into the expression (12) for the effective Lagrangian density. The resulting uncanonical
expression was diagonalized by performing the field transformations (16). So it shown that
also in this case the field transformations that transform the fields of the model into BRST
and σ closed are the Darboux’s transformations of the FJ approach.
4 Conclusion
The four dimensional SU(3) WZW model coupled to electromagnetism was treated in the
context of the BFV formalism for constraint systems. Comparison was made with the FJ
approach and common features were stressed. It was shown that the field redefinitions
that transform the fields of the model into BRST and σ closed are actually the Darboux’s
transformations of the FJ approach.
We wish to thank Dr. Kostas Skenderis for useful discussions.
5 Appendix
Our metric is gµν = diag(1,−1,−1,−1) . We choose e > 0. We define ǫ0123 = 1 . By pi we
denote the electric field E so that (πµ, A
µ) µ = 0, 1, 2, 3 is a canonical pair. We made use of
the following Poisson brackets
[Aµ(x, t), πν(y, t)]= gµνδ(x− y) ,
[θa(x, t), pb(y, t)]= δabδ(x− y) ,
[C(x, t),P(y, t)]=−δ(x− y) ,
[C¯(x, t), P¯(y, t)]=−δ(x− y) .
The Grassmann parities of the fields are given by ǫAµ = ǫpiµ = ǫθa = ǫpa = 0 , ǫC =
ǫP = ǫC¯ = ǫP¯ = 1 and their ghost number gh(C) = −gh(P) = 1 , gh(C¯) = −gh(P¯) =
−1 , gh(Aµ) = gh(πµ) = gh(θa) = gh(pa) = 0.
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